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A Novel Approach to the Enumeration of Reaction Types by Counting
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of Imaginary Transition Structures
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A novel method of enumerating reaction types is presented. The reaction types are formulated as reaction-
center graphs (RCGs) that are derived from a parent basic reaction graph (BRG) or from a parent reaction graph
(RG) by the substitution of various atoms on the vertices and/or by the attachment of single, double, or triple
par-bonds to the edges. The counting of the isomeric RCGs is solved by applying Pdlya’s theorem to the
derivation of a cycle index, in which different variables are introduced to the different orbits of the permutation
group of a parent BRG (or RG). Various atom-figure and bond-figure inventories are described in order to count
the isomers of RCGs. The numbers of the RCGs are given in the form of the coefficients of a generating function

called an RCG-counting polynomial series.

The collection of reaction types as a knowledge
database is necessary for the construction of a compu-
ter system dealing with organic reactions.'”1? The
reaction data should be classified clearly and consist-
ently in order to keep the database manageable. A
well-defined classification of reaction types is also of
fundamental importance for the purpose of retrieving
organic reactions'® as well as for the intention of pro-
viding organic chemistry with a more logical and sys-
tematic format.'¥

The classification of reaction types necessitates their
enumeration, since the expanse of the information
regarding them must be preestimated.’® In addition,
the enumeration implies the generation of new
organic reactions that fundamentally supports a sys-
tem of synthetic design.?

The systematic enumeration of reaction types has
been achieved only to a limited extent. This stems
from the fact that an individual organic reaction is
represented by a conventional reaction diagram which
contains substrates and products combined with an
arrow, as shown in Scheme 1.1617) The conventional
enumeration of reaction types thereby requires a mul-
tiple comparison among the molecules contained in
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both sides of the respective diagrams. The treatment of
such dual representations is cuambersom and may lead
to an overlooking of various possibilities and/or to
duplicated counting.

In previous papers,'” we have proposed the concept
of imaginary transition structures (ITS) which afford
unitary representations of individual organic reac-
tions. As a result, the manipulation of reaction data is
transformed to that of ITSs as a kind of structural
formulas. An abstraction of the reaction types is there-
by accomplished by finding appropriate subgraphs or
substructures of ITSs. Among the useful subgraphs,
imaginary rings (ITS rings),!721 reaction-center graphs
(RCG),7 reaction graphs (RG),!"P.cL8) and three- or
four-nodal subgraphs!7dk) are especially effective for
characterizing organic reactions.

By a formulation based on the ITSs, an enumeration
of the reaction types is transformed into the counting
of the subgraphs. In this connection, we have enu-
merated reaction graphs (RG) to afford a generic clas-
sification of reaction types.!’><f8) As a continuation
of this work, the present report deals with a general
method for counting reaction types and, especially,
with an enumeration of the RC graphs (RCG) which
provide us with more detailed information concerning
reaction types than the reaction graphs do.

Formulation and Methods

Unique Representations of Reaction Types. Scheme
2 summarizes the formulation of the reaction types
discussed in this paper. These ITSs and the related
substructures correspond to the diagrams shown in
Scheme 1. Although the respective concepts have been
reported in the previous papers,!72?) they should be
restated and extended with the purpose of being ap-
plied to the present problem of enumeration.

The imaginary transition structure (ITS) of a given
reaction contains the participating atoms (C, H, N, O,
etc.) and three kinds of bonds (in- (-5~), out- (4), and
par-bonds (—)), which bonds correspond to the struc-
tural changes during the reaction.!”?
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A reaction-center graph (RCG) is defined as a
substructure or a subgraph of a given I'TS, in which all
reaction centers and imaginary bonds between them
are collected.!™ For example, the RCGs (5—8) are
extracted from the corresponding ITSs (1—4), as
shown in Scheme 2. The RCGs (5 and 6) represent
generic reaction types, both of which are called Diels-
Alder reactions. They are discriminated from each
other in the light of node values (i.e., Cg and C4Nj).
The Claisen and Cope rearrangements are represented
by the RCGs (7 and 8), which are the substructures of
the ITSs (3 and 4) respectively. The RCGs (7 and 8)
differ from each other in their node values (i.e. C5O vs.
Co).

A reaction graph (RG) is a more abstract substruc-
ture that disregards the node values of an RC graph.!7
The RCGs (5 and 6) give the same RG (9), which
coresponds to a generic class of the Diels-Alder reac-
tions. The RCGs (7 and 8) afford another reaction
graph (10) that represents a [3,3]sigmatropic rearran-
gement.

A basic reaction graph (BRG) is defined as a sub-
structure that contains reaction centers without node
values and has in- and out-bonds but no par-bonds on
the edges.!”” The BRG indicates an electron-shift
pattern, which is a descriptor of a broad class of
organic reactions. A common basic reaction graph
(11) is obtained from the RGs (9 and 10) by deleting all
of the par-bonds therefrom (Scheme 2).

A reaction pair consists of two graphs (ITSs, RCGs,
RGs, or BRGs) interchangeable by an operation which
exchanges all in-bonds and out-bonds with each other
(transformation to reverse reaction: TRR). For exam-
ple, the TRR operation on RG (9) affords the RG of
the corresponding reverse reaction, i.e., retro-Diels~

Alder reaction. We call a reaction pair of RG level an
RG pair, and distinguish it from an RCG pair thatis a
reaction pair of the RCG level.

A self reaction pair is a special case of a reaction
pair, the graph of which is invariant on the TRR
operation. For example, RCG 8 and RG 10 are self-
reaction pairs in the respective levels.

Scheme 2 indicates a hierarchical classification of
organic reactions in terms of the ITS approach. It
should be emphasized that the levels of the hierarchy,
i.e., RCG, RG, and BRG, give explicit representations
to the respective generic reaction types.

In order to avoid any unfamiliarity with the ITS
approach, we introduce projections to starting stage
(PS) and to product stage (PP) that derive conven-
tional diagrams or general schemes from the corre-
sponding ITS, RCG, RG, and BRG (Scheme 3). The PS
operation involves a deletion of in-bonds (or taking up
par- and out-bonds), and the PP operation involves a
deletion of out-bonds (or the taking-up of par- and
in-bonds).

Formulation of the Enumeration Problem of Reac-
tion Types. In the light of the formulation described
above, our subject to enumerate reaction types is now
regarded as the counting of RCGs, RGs, and BRGs. In
the present paper, we will discuss two approaches to
the enumeration of RCGs (Scheme 4).

The first approach is a one-step method (Scheme
4(1)). An RC graph (RCG) is, thus, considered as
being a derivative of a parent BRG that is attached by
l; single par-bonds (—) and/or I, double par-bonds
(=) on its edges and is substituted by an appropriate
number of atoms on its vertices (nodes). The RCGs (5,
6, 7, and 8) are derivatives based on BRG 11 in this
sense.
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An alternative approach consists of two steps (2-1
and 2-2 of Scheme 4). In the first step (2-1), a reaction
graph (RG) is considered to be a derivative of a basic
reaction graph (BRG) that is substituted by !, single
par-bonds and/or I, double par-bonds on its edges.
For example, the RGs (9 and 10) are isomers that con-
tain 4 single par-bonds but differ from one another in
their manner of substitution (Scheme 2). Several RGs
have been enumerated in this line and reported in
previous papers.!’.¢t8) The present paper affords a
more general treatment regarding this step than the
previous reports. The 2nd step (2-2) concerns an RCG
as the derivative of a parent RG that is substituted by
an appropriate number of atoms on its vertices.!® For
example, the RCGs (5 and 6) are derivatives that have
Cg and C4N,, respectively, on the vertices of the RG (9).
Similarly, the RCGs (7 and 8) are derivatives having
G50 and Cg, respectively, on the vertices of the RG
(10).

One-Step Enumeration. In the one-step approach,
an appropriate BRG is selected as a parent graph. Let
G be the group of symmetry (order g) of the parent
BRG, there being p vertices (nodes) at which atoms
can be substituted and being g edges to which par-
bonds can be attached. Let H (degree: p+q and order:
g) be a permutation group isomorphic to G. Let hc
be the number of the permutations in H which have
a cycle structure of the type:

BRG

(2-1)

Scheme 4.

C=[il+jl’ i2 +j2»‘” » i1+jn ],

wherein ¢, cycles of length r are concerned with a sub-
stitution to the vertices and j, cycles or length r are
with respect to the edges; they satisfy the following
relationships:

liy +2jp+ - +pip=p
I +2j2+ - +qig=q

Since the edges and vertices obviously are not inter-
changeable by H (in other words, the two construct
different classes or orbits), the cycle index of H is
obtained by restating Pélya’s theorem!? in an applica-
ble form to our cases:

ZH)= (l/g)ghc(sli‘sziz--' sp'P) (bt - 199), (1)

where the summation is taken over all different types
(C) of partitions (Appendix 1).

Then, let s, be an atom-figure inventory that indi-
cates the manner of atom constitution (an atom fig-
ure). Also let ¢, be a bond-figure inventory that shows
the mode of par-bond substitution (a bond-figure).
They are defined as shown in the following equations:

s=1+wu tu tug+- (2)

tL=14+x"+x,". 3)

By introducing s, (Eq. 2) and ¢, (Eq. 3) into the cycle
index (Eq. 1), we obtain an RCG-counting polynom-
ial series (Eq. 4) in the form of a generating function:

G(uy, ug, %1, %) =Z(H, 1 +tuy +ug+-, 1 +x,+x3)

=2 A(kiky - Lilg)(urhughe - )(x1h5"). 4)

The coefficient A(kiks - Lily) of (uykugke--)(x hxy'2)

gives the number of RC graphs when k; atoms of the

first kind, k, of the second kind and so on are intro-
duced to the vertices of the parent BRG, and [; of sin-
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gle par-bonds and !, of double par-bonds are attached
to the edges of the BRG. It should be noted that the
two kinds of figure-counting series, which we call an
atom-figure inventory and a bond-figure one, can take
various forms according to the objects of enumeration.
Although they are obviously equivalent from a
mathematical point of view, the discrimination
between them is convenient in chemical usage. This
point will be exemplified in the following discussions.

The cycle index (Eq. 1) can be further generalized so
as to be applicable to a case in which the vertices
and/or edges subdivided to two or more intransitive
orbits in a permutation group (Appendix 1).

An RCG pair-counting polynomial series P(u;, us,
-+, X1, X3) can be obtained in a similar manner, except
that the group of the parent BRG is replaced by that of
a structure in which the difference between in- and
out-bonds is disregarded.?? The explicit forms for
specific cases are listed in the discussions below.

Two-Step Enumeration. This approach contains
two successive steps of enumeration (Scheme 4(2-1)
and (2-2)). Suppose that a parent BRG has p edges
belonging to one orbit and g edges to another different
orbit of a permutation group H (degree: p+q and
order: g) and that the p edges can be attached by single
par-bonds and that the g edges can be attached by sin-
gle or double par-bonds. Variables t,, and t;, are
assigned to the respective orbits. The mathematical
framework described above is thereby applicable to
this case and, hence, the corresponding cycle index can
be represented as

Z(H) =(1/g)§hc(taliltaziz... tapip)(tbliltbziz... tbqjq), (5)

wherein the other characters have the same meanings
as stated above.

In order to obtain an RG-counting polynomial ser-
ies, suppose that t,, is a bond-figure inventory of the
first orbit (a) and ¢, is another bond-figure inventory
of the second orbit (b):

to=1+x" (6)
tyy=1 +x1'+x2' (7)

We obtain the polynomial Gg(x;, x;) (Eq. 8) for
counting RGs by introducing t., (Eq. 6) and ¢y, (Eq. 7)
into the cycle index (Eq. 6):

Gb(xl, XZ) =Z(H, 1 +x1, 1+ X1 +XZ)
= 2B(hlz)x;xa" (8)

The coefficient B(l,l;) of x,lx, gives the number of
RGs in which [; of single par-bonds and I, of double
par-bonds are attached to the edges of the parent BRG.

In the second step of the two-step method, we select
an appropriate parent RG that has been derived at the
first step described above. Suppose that p and q verti-
ces of a parent RG belong to the two different orbits of
a permutation group H (degree: p+q and order: g),
respectively. The p of the vertices of the first orbit can
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be substituted by n; kinds of atoms. On the other
hand, g of the vertices of the second orbit can be substi-
tuted by n, kinds of atoms. Two different variables, S,
and sy, are assigned to the respective orbits. We then
obtain the following cycle index:

Z(H)= (l/g)ghc(salilsdiz - Sap'P)(Sp1lS22 0 $bg9),  (9)

wherein the other characters have the same meanings
as stated above.

Let sqr and ssy be the respective atom-figure invento-
ries for orbits a and b and be defined as

sa,=l+u1'+'"+unl' (10)

and
Spr=14+u"+ -+ un’ (11)

These equations are introduced to the cycle index (Eq.
9), which is, in turn, expanded into a generating func-
tion. An RCG-counting polynomial series Ga(u;, up,
---) is thus obtained:

Ga(uy, ug, --)=Z(H, 1 tug+ - Fun, 1 tug+ -+ une)
=3 C(kiky ) (urhughe ). (12)

The coefficient C(kjky-++) of the term ujhiugke .. gives
the number of RC graphs in which &, atoms of a first
kind, &, of a second kind and so on are introduced to
the vertices of the parent RG.

Results and Discussion

Enumeration of RC Graphs Based on a Parent Basic
Reaction Graph. Examples of the One-Step Method.
Table 1 summarizes representative BRGs selected as
parent graphs and the corresponding cycle indices for
the counting of RCGs and/or RCG pairs. These
results have been obtained by applying Eq. 1 to the
respective cases in accord with their permutation
groups. The number of RCGs in each case is obtained
where variables s, and ¢, of the cycle index collected in
Table 1 are substituted by the figure-counting series
(Egs. 2 and 3).

To exemplify the derivation of cycle indices and of
RCG-counting polynomial series, we examine the
counting of isomers of hexagonal reaction graphs
(Table 2).2V Suppose that a parent BRG (11) is substi-
tuted by [; single par-bonds on its edges and attached
by k; nitrogen atoms and k, oxygen atoms (and 6 —k,;
—k, of implicit carbon or other atoms) on its vertices.
The vertices of 11 are numbered as 1, 2, --- 6 and the
edges are designated as a, b, --- f.

The symmetry of 11 is D5 (order 6). Hence, the per-
mutation corresponding to each symmetry operation
is obtained, as shown in Table 2, which permutation is
represented by the product of cycles, e.g.,

123456abcdef)

C ~
0 (216543afedcb
=(1 2)(3 6) (4 5)(a)(d) (b ) (c e).
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Table 1. Parent Basic Reaction Graphs and Cycle Indices for the One-Step Enumeration®

Symmetry Cycle indes™? Eq.
g 12 D2 G: (l/4)(514t14+2522t12t2+522t22) 13
r7
: : D4 P: (l/8)(Sl4t14+231252522+2822112t2+822[22+254l4) 14
l- —— _J
D; G: (1/6)(516t16+3523t12t22+2832t32) 15
¢ N
L ' D6 P: (l/12)(816t16+823t23+3512822t23+3523t12¢22+2832t32+286t6) 16
D4 G: (l/8)(Slstl8+4324t12123+524t24+2542t42) 17
l )' Dg P: (l/l6)(518t18+‘1’524t12t23+.$24t24+2842t42+4812823524+458t8) 18
ﬁ G G:(1/2)(sPt3+s1sataty) 19
@ @ Cz G: (1/2)(515t15+81822!1t22) 20
@ @ Cz G: (1/2)(Sl7t17+31523t1t23) 21

a) The cycle indices are obtained by applying Eq. 1 to the respective BRGs. b) A variable s, is
assigned to the cycle of length r which is concerned with a permutation of the vertices. On the
other hand, a variable ¢, is with respect to a permutation of the edges. c) G: a cycle index for
counting RCGs. P: a cycle index for counting RCG pairs.

Table 2. A Permutation Group Based on Let us consider a permutation group of degree 12

a Parent BRG (11) (=66) that is isomorphic to the symmetry of the par-

¢ 1 a ent BRG. Obviously, the set of the six vertices and that

6 2 of the six edges construct different orbits. In other

Parent BRG: ¢ b words, the six vertices and six edges are not inter-

3 changed with each other by any permutation collected

S 3 ¢ 11 (D) in Table 2. Hence, we introduce different variables, s,

4 3 and ¢, to the respective orbits. The assigned variables

Symmetry Permutation Variable” collected in Table 2 are derived from the cycle struc-

operation assigned tures of the permutations. Upon collecting these

I (1)(2)(3)(4)(5)(6) (a)(b)(c)(d)e)f) 555 assigned variables over all the permutations, we found

Coy (1 2)(3 6)(4 5) (a)(d)(b f)(ce) 593,252 that the corresponding cycle index (Eq. 15 of Table 1)

Cae) (16)(25)(3 4) (c)(f)(a e)(bd) is a specific case of Eq. 1. Therefore, the variables of

gz‘s) (1(14)5(23)?2)2(56(1))(gl)ie)c()a(le)f(g)f) st Eq. 15 are replaced by atom-figure and bond-figure
C (135)246) (ace)bdf) Inventories:

a) A variable is assigned to each permutation in acord s=1+uw+v (22)

with the cycle structure wherein s, and ¢, are concerned and

with vertices and edges, respectively. Strictly speaking,
this example has three orbits, i.e., (1,2,-:-6), (a,c,e), and 6=14+x" (23)
(b,d,f). However, the same variable ¢, can be assigned

to the latter two orbits without losing generality. As a result, the following equation is derived as a
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generating function called an RCG-counting poly-
nomial series:

G(u, v, x)=(1/6) {(1+u+v)é(1+x)6+
3(1+ut+v2)3 (1+x)2 (1+x22+
2(1 +ud+v%)2 (1+x2)2). (24)

Since the parent BRG (11) is a self-reaction pair, the
set of isomers counted by Eq. 24 contains one or more
self-reaction pairs. The next problem is the counting
of reaction pairs. The corresponding parent graph
(14) has Dg symmetry (order 12) and affords the cycle
index (Eq. 16) as collected in Table 1. Then, an RCG
pair-counting polynomial P(u, v, x) (Eq. 25) is derived
by the introduction of Egs. 22 and 23 into Eq. 16:

P(u, v, x)
=(1/12) {(1+u+0)s (1+x)8+(1+u2+v2)? (1+ 2273+

3(1+utv)? (1+u2+o2)? (1+x23+
3(1+u2+v2) (1+x)% (1+ 22+
21+ w3+ 032 (1+x%)2+
2(1+ub+v8) (1+x5)}. (25)

The expansion of Eq. 24 gives a polynomial series in

which the coefficient of the term utwkx! indicates the

number or isomers derived from the parent BRG (11)
with [ single par-bonds on the edges along with k; of

Table 3. Enumeration of Reaction Types
Based on BRG (11)»

Shinsaku Fujita

Number of RCGs (RCG pairs)

kik;
I=0or6 I=lorb =2 or 4 =3

00 1 (1) 2 (1) 4 (3) 6 (3)
10 1 (1) 6 (3) 15 (9) 20 (10)
01 1 (1) 6 (3) 15 (9) 20 (10)
20 4 (3) 18 (9) 42 (24) 56 (28)
11 5 (3) 30 (15) 75 (39) 100 (50)
02 4 (3) 18 (9) 42 (24) 56 (28)
30 4 (3) 20 (10) 50 (28) 68 (34)
21 10 (6) 60 (30) 150 (78) 200 (100)
12 10 (6) 60 (30) 150 (78) 200 (100)
03 4 (3) 20 (10) 50 (28) 68 (34)
40 4 (3) 18 (9) 42 (24) 56 (28)
31 10 (6) 60 (30) 150 (78) 200 (100)
22 18 (11) 96 (48) 234 (123) 312 (156)
13 10 (6) 60 (30) 150 (78) 200 (100)
04 4 (3) 18 (9) 42 (24) 56 (28)
50 1 (1) 6 (3) 15 (9) 20 (10)
41 5 (3) 30 (15) 75 (39) 100 (50)
32 10 (6) 60 (30) 150 (78) 200 (100)
14 5 (3) 30 (15) 75 (39) 100 (50)
05 1 (1) 6 (3) 15 (9) 20 (10)
60 1 (1) 2 (1) 4 (3 6 (3)
51 1 (1) 6 (3) 15 (9) 20 (10)
42 4 (3) 18 (9) 42 (24) 56 (28)
33 4 (3) 20 (10) 50 (28) 68 (34)
24 4 (3) 18 (9) 42 (24) 56 (28)
15 1 (1) 6 (3) 15 (9) 20 (10)
06 1 (1) 1 (1) 4 (3) 6 (3)

a) The numbers of RCGs with k; or nitrogens, k; of
oxygens and one single par-bond are obtained as the
coefficients of utw*x! in Eq. 24. The numbers in the
parentheses indicate the number of RCG pairs which
are obtained by the expansion or Eq. 25.
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nitrogen and &, of oxygen atoms. Similarly, an expan-
sion of Eq. 25 affords a polynomial series, the coeffi-
cients of which show the numbers of the correspond-
ing RCG pairs. The coefficients derived from Egs. 24
and 25 are found in Table 3.

The results of Table 3 have been obtained by a
mathematical treatment and, hence, affords a good
probe to test the validity of manual enumeration.
From this point of view, let us examine several exam-
ples derived from the parent BRG (11). Table 4 col-
lects isomers with one nitrogen and one oxygen and no
par-bonds (k,;=k,=1, [=0) as well as isomers with two
nitrogen (k;=2, k,=1=0).22 Each couple of the RCGs
linked with a brace (Table 4) is a reaction pair. An
isolated one is a self reaction pair. The number of NO
isomers is 5; this number is obtained as the coefficient
of the term uv (=ulv'x®) of Eq. 24 (Table 3, k;=k,=1,
[=0). The number of RCG pairs is 3, which is
obtained from Eq. 25 (the data in parentheses of Table
3 at k;=k,=1, 1=0). The latter N, case affords 4 for
RCGs and 3 for RCG pairs as the respective coeffi-
cients of the term u? (=u?1%x%) in Eqgs. 24 and 25 (Table
3). The results shown in Table 4 are, thus, confirmed
by the values of Table 3.

A comparison between the NO and N, substitutions
(Table 4) reveals that the RCG pair of the former NO
case (marked by an asterisk) is degenerated to a self
RCG pair in the latter N, case. This fact reflects the
symmetries of the RCGs, which determine the values
of the coefficients.

Table 5 shows the case of k;=k,=I=1. The number
of isomers of RC graphs is 30 and that of RCG pairs is
15, which are in accord with the results obtained from
the generating functions (Table 3).

It must be emphasized that the number of reaction
types is given in the form of the coefficient of a gener-
ating function such as Eq. 2¢ but not as a result of
manual enumeration. Therefore, the present method

Table 4. Isomeric RCGs with NO or N; on the
Vertices but No Par-Bonds on the Edges?

R ERENCS

N \_-\*,_/

a) Each couple of RCGs linked with a brace is a reac-

——
tion pair. An isolated RCG is a self-reaction pair. The
number of RCGs and that of RCG pairs are obtained
as the coefficients of the respective generating func-
tions (Egs. 24 and 25). These numbers are listed in
Table 3 (ky=k,=1, [=0; and k=2, k,=I1=0).

SO
%
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affords an assurance of the validity to a computer pro-
gram for the enumeration of reaction types or for
generating new reactions.

Table 5. Isomeric RCG; Substituted by One Nitrogen
and One Oxygen on the Vertices and by One
Single Par-Bond on the Edge?

LR RS T
TS IETRTETE
SEOOTT

KDL

a) Each couple or RCGs linked with a brace is a reac-
tion pair. The number of RCGs and that of RCG pairs
are obtained as the coefficients of ulv'l! of Eqs. 24 and
25, respectively (Table 3, kyj=k,=I=1).
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Enumeration of RC Graphs Based on a Parent Reac-
tion Graph. The 2nd Step of the Two-Step Method.
The number of isomers obtained in the last section
contains that of several RCGs in which the valency of
the atoms exceeds chemically reasonable values.
Hence, a more specific treatment than that mentioned
above is necessary in order to avoid counting chemi-
cally unreasonable isomers. This approach starts from
an appropriate reaction graph (RG) in place of the
BRG described above.

Table 6 summarizes parent RGs of the hexagonal
class having 0 to 6 single par-bonds along with the
respective cycle indices for counting RCGs and/or
RCG pairs. The two parent RGs in alignment are a
reaction pair with one another (e.g. 23 and 24). Con-
trarily, the RG coupled with a broken-lined graph is a
self-reaction pair (e.g. 11 followed by 14). The two
cases are slightly different in a practical treatment,
although the results are obtained by applying Eq. 9 to
each of the parent RGs in a similar manner. In the
former case, the number of RCGs derived from a par-
ent RG is equal to the value based on the correspond-
ing reverse RG. Hence, the number of RCG pairs is
always half of the total number of RCGs, based on the
RG and the reverse RG as parents. On the other hand,
the latter case requires a separate treatment of count-
ing the RCG pairs, since the parent RG is a self-
reaction pair.

To exemplify the method of enumeration, let us
work out the RG (9) as a parent and count the isomers
having k; nitrogen and k, oxygen atoms. The six verti-
ces, whose nuinbering is shown, are divided into three
classes by the corresponding permutation group (Cy),
ie, 1,2;3,4; and 5, 6 (Table 7). The cycle index for 9
(Eq. 39) 1s obtained, as collected in Table 6, when we

Table 6. Hexagonal RGs as Parent Graphs and Their Cycle Indices*

RG Symmetry Cycle index Eq.
@ D; G: (1/6)(sp15+3sp23+25p32) 26
"
: i D¢ P: (1/12)(s515+3sp12502%+45525+25532+2506) 27
g
B 4
@ C, G: (1/2)(sp18+s52%) 28
23 24
@ C; G: sasp® 29
25
- A\\
\ J- C, P: (1/2)(sa1s61°FSa1551552%) 30
Q
~"26
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RG Symmetry Cycle index Eq.
B %
C, G: (1/2)(sp18+sp2°) 31
27 28
/
C, G: (1/2)(sp15+s52%) 32
29
r/‘\\\
L D, P: (1/4)(sp184 55125522 +25p2%) 33
~ v/
30
& A
| {Z}{ D, G: (1/6)(sp15+35523+25432) 34
31N 32
753 3,
@ C: G (1/2)(sutsit+sasi?) 36
35 36
@ C G: (1/2)(sa?551*+5a25622) 37
10
/A\ﬁ
K/ 1 D, P: (1/4)(sa1%sp14 5125022 +2542502%) 38
~37
] | C, G: (1/2)(sar2sor*+sa2502%) 39
38 9
P
C, G: sadse1® 40
C, P: (1/2)(sa13s513+Sa15a2561552) 41
@ G, G: (1/2)(sar*sb12+5a2%562) 42
41 42
@ D, G: (1/6)(5a15+3502°+25432) 43
43
O Ds P: (1/12)(541%+350212502%+ 4522325432 +2506) 44
44

a) The cycle indices are obtained by applying Eq. 9 to the respective RGs. A variable s, is
assigned to the cycle of length r which is concerned with a permutation of the restricted vertices
(W). A variable s;, is with respect to a permutation of the unmarked vertices. b) G: a cycle index
for counting RCGs. P: a cycle index for counting RCG pairs.
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Table 7. Permutation Group Based on a Parent RG (9)

3
1 5
Parent RG:
2 6
9(Cy)
Symmetry Permutation Variable®
operation assigned
I (1)(2) (3)(4) (5)(6) Sar%sp1t
Ce (12)(34)(56) Sa2Sb2?

a) The vertices, 1 and 2, are distinguished from the
others because of limitation of valency. The variable
ser is given to the former vertices (marked by ll). The other
vertices are assigned to s

give a variable s,, to the first class and spr to the 2nd
and 3rd classes. This treatment stems from the facts
that vertices 1 and 2 (marked by boldface squares) are
unable to be substituted by oxygen atoms due to a
valency limitation and that the substituents on vertices
3 to 6 can be selected freely from a set of nitrogen,
oxygen, and implicit carbon atoms.

We then introduce two kinds of atom-figure
inventories:

Sar=1+u" (45)
and
ser=14+u+v, (46)

the first of which is used for a substitution only by
nitrogen atoms and the 2nd of which is used for a
substitution by nitrogen and oxygen atoms. The vari-
ables of Eq. 39 are substituted by Egs. 45 and 46 to
afford an RCG-counting polynomial series (Eq. 47):

G(u, v)
=1/2{1+uw?(l+utv)+Q +u?)(1 +ul+2)2).
(47)

The expanded equation from Eq. 47 is a generating
function in which the coefficient of whwk is the
number of isomers with k; nitrogen and k; oxygen
atoms.

Table 8 shows isomers in which one nitrogen and
one oxygen atom substitute the vertices of the parent
RG (9). The number of isomers collected is 10, the
number of which is equal to the coefficient of the term
uly! of Eq. 47. Table 8 also contains isomers having
two nitrogen substituents on the RG (9). This list
contains the isomers of the RCG (6) shown in Scheme
2. The number of N, isomers is 9, which is, again,
confirmed by a comparison with the coefficient of u?°
in Eq. 47.

The parent RG (9) is not a self-reaction pair and the
TRR operation affords RG (38) of the reverse reaction
(the retro Diels-Alder reaction). The enumeration of
isomers based on RG (38) gives the same results as

Enumeration of Reaction Types
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Table 8. Isomeric RCGs Derived by NO and N,
Substitution on the Parent RG (9)?

¢

*Tv.

GG
/:\®

AT
f
W
@ 4

&
=

AN
Zzdz

/—“\/}\/ EY
&
£ 4

W

a) The numbers of RCGs are obtained as the coeffi-
cients of uv for NO substitution (Table 9, 9, k;=k,=1)
and of u? for N, substitution (Table 9, 9, k,=2, k,=0).
See Appendix 2.

those of RG (9).

The Diels-Alder type addition of a triple bond is
represented by the RG (45) that also has three classes of
vertices (1, 2; 3, 4; and 5, 6). Since vertices 1, 2, 5, and 6
are unable to have oxygen substituents, the cycle index
(Eq. 48) is different from Eq. 39.

Z(Cy) = (1/2)(sa1*s01% + Sa225b2) (48)

By applying Eqgs. 45 and 46 to Eq. 48, we obtain the
following RCG-counting polynomial series (Eq. 49):

G(u, v)
=(172§{(1 + w1 +u+v)2+ (1 +u2)2(1 +u2+12)}. (49)

3
1 5
2 6
4
45(C2)

Let us next consider a case in which a parent RG is a
self-reaction pair. The representative example is the
RG (10) that has C, symmetry (Table 6). The six verti-
ces are divided into three orbits. The vertices of the
first orbit (marked by heavy squares) can take only C
and N as a substituent because of a valency limitation.
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Table 9. Enumeration of Reaction Types Based on Various Parent RGs?

Parent RG

11 (14) 23 25 (26) 27 29 (30) 31333510(37) 3839 (40) 41 43 (44)

kiky 2 28 3234 36 4
number of RCG’s (RCG pairs)

00 1 (1) 1 1Q@1) 1 1) 1111 1 1) 11 (1)
10 1 (1) 364 3 3?2 1 6 3 3(2) 364 31
01 1 (1) 3 5(3) 3 32 15221 2 3?2 10 (0)
20 4 (3) 915 (9) 9 9 (6) 415 9 9 (6) 915 (9) 9 4 (3)
11 5 (3) 15 25(13) 1515 (8) 5251010 (5) 10 15 (8) 50 (0)
02 4 (3) 910 (6) 9 9 (6) 410 4 4 (3) 4 3 (2 10 (0)
30 4 (3) 10 20(12) 10 10 (6) 4201010 (6) 10 20(12) 10 4 (3)
21 10 (6) 30 50(26) 30 30(16) 10 50 20 20(10) 20 30(16) 10 0 (0)
12 10 (6) 30 40(22) 30 30(16) 104012 12 (7) 12 12 (7) 2 0 (0)
03 4 (3) 10 10 (6) 10 10 (6) 410 2 2 (1) 2 1() 00 (0)
40 4 (3) 915 (9) 9 9 (6) 415 9 9 (6) 915 (9) 9 4 (3)
31 10 (6) 30 50(26) 30 30(16) 10 50 20 20(10) 20 30(16) 10 0 (0)
22 18(11) 48 60(32) 48 48(27) 18 60 20 20(12) 20 18(10) 40 (0)
13 10 (6) 30 30(16) 30 30(16) 1030 6 6 (3) 6 3 (2 00 (0)
04 4 (3) 9 5 (3) 9 9 (6) 45111 1 0(0) 00 (0)
50 1(1) 364 3 3(©2 1 63 3?2 364 31 ()
41 5 (3) 15 25(13) 1515 (8) 5251010 (5) 1015 (8) 50 (0)
32 10 (6) 30 40(22) 30 30(16) 10 40 12 12 (7) 12 12 (7) 20 (0)
23 10 (6) 30 30(16) 30 30(16) 1030 6 6 (3) 6 3 (2) 00 (0)
14 5 (3) 15 10 (6) 1515 (8) 510 1 1 (1) 1 0 (0) 00 (0)
05 1 (1) 3 1() 3 32 110 0¢(0) 0 0 (0) 00 (0)
60 1 (1) 1 1(1) 1 1) 1 111 1 1) 11()
51 1 (1) 3 5 (3) 3 32 152 2() 2 3 (2 10 (0)
42 4 (3) 910 (6) 9 9 (6) 410 4 4 (3) 4 3 (2 10 (0)
33 4 (3) 10 10 (6) 10 10 (6) 410 2 2 (1) 2 1) 00 (0)
24 4 (3) 9 5 (3) 9 9 (6) 451 1( 1 0 (0) 00 (0)
15 1 (D) 3 1(1) 3 32 110 00 0 0(0) 00 (0)
06 1(1) 1 0 (0) 1 1(1) 1 0 0 0(0) 0 0 (0) 00 (0)

a) The coefficients of u*'v*2 indicate the numbers of isomeric RCG with k; of nitrogens and k,
of oxygens on each of parent RG. These values are obtained by introducing Eqgs. 45 and 46 to
each of the cycle indices (Table 4). b) Obtained by the expansion of Eq. 47.

The other vertices are capable of taking a C, N, or O
substituent. The cycle index for the parent RG (10) is
obtained, as shown in Table 6 (Eq. 37), when we
introduce a variable s, to the first orbit and s, to the
2nd and 3rd orbits. In order to obtain an RCG-
counting polynomaial series, two kinds of atom-figure
inventories (Eqgs. 45 and 46) are introduced into the
cycle index (Eq. 37). The result of the expansion of
this polynomial is listed in Table 9.

Since the parent RG (10) is a self-reaction pair, the
resulting set of isomers contains one or more self RCG
pairs. The next problem is counting the RCG pairs.
A parent graph (37) for counting RCG pairs is
obtained by equalizing the in- and out-bonds of RG
(10). This graph has D, symmetry. The six vertices are
divided into two orbits by this symmetry. We then
obtain the cycle index of Eq. 38 (Table 6), in which
two variables (sq; and s,) are assigned to the orbits in
accord with their limitation (maked by B). The
expansion of this polynomial gives a generating func-
tion that affords the number of RCG pairs with k; of
oxygen and k; of nitrogen atoms as the coefficient of
ufiwke. The results are listed also in Table 9.

Table 10 lists the isomers of k,=0, k,=1 (O substitu-

Table 10. Isomeric RCGs with O and N
Substitution on the Parent RG (10)*"

\/O/\ l@l
oy 1y

NG

a) The number of the O isomers is the coefficient of v
(Table 9, 10, k=0, k,=1). The number of RCG pairs is
shown also in Table 9 (37, k;=0, k,=1). b) The
number of the N isomers is the coefficient of u (Table
9, 10, k;=1, k,=0). The number of RCG pairs is found
Table 9 (37, k=1, k,;=0). See Appendix 2.

tion) and of k;=1, k,=0 (N substitution). The number
of RCGs in the former case is 2 and that of RCG pairs
is 1. These values are equal to the coefficients of the
term u%! listed in Table 9. On making a substitution
of one nitrogen, we obtain 3 isomers of RCG and 2
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RCG pairs. These numbers are the same values as the
coefficients of u'v? collected in Table 9.

Table 9 also lists the other results that are obtained
by applying atom-figure inventories (Eqgs. 45 and 46)
to the cycle indices shown in Table 6. When a parent
RG is a self-reaction pair, the isomers, therefrom, con-
tain one or more self-RCG pairs. In this case, Table 9
indicates the results of counting RCG-pairs as well as
those of counting RCGs.?%

In this section, we have dealt only with parent RGs
of the hexagonal class. The method discussed, how-
ever, is applicable to the other types of parent RGs
which are derived from the respective parent BRGs
given in Table 1. Although the detailed results are
abbreviated, full lists of the latter cases would be of
essential importance for didactic and taxonomic
purposes.

Enumeration of RGs Based on a Fused BRG. Im-
proved Examples of the First Step of the Two-Step
Method. In a previous paper,!”® we reported an
enumeration of RGs in which they are considered to be
the isomers of basic reaction graphs given in Table 11.
The previous treatment has not differenciated the
fused bonds from the other pericyclic bonds. In light
of the extension described in this paper, this subject

Enumeration of Reaction Types
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can be discussed in a more detailed fashion.

Suppose that the fused positions can be attached
only by a single par-bond and other pericyclic edges
can be substituted by a singe or double par-bond. This
formulation allows Eq. 5 to be applied to the various
parent BRGs given in Table 11, in which the corre-
sponding cycle indices are listed. Upon making the
substitution ¢;,=1+x" and ¢=1+x"+y" and collecting
like powers of xy, the coefficients of term xhyh are
obtained in order to indicate the number of isomers
with [; single par-bonds and I/, double par-bonds.

Enumeration of RGs with Cross-Bonds. Extended
Examples of the First Step of the Two-Step
Method. The above-mentioned treatment presumes
that only in-bonds and out-bonds on edges are the
positions of substitution. However, a more general
enumeration is sometimes desirable. For example,
tetra-t-butyltetrahedrane (56) and tetra-¢-butylcyclo-
butadiene (57) have been reported to be interconverti-
ble (Scheme 5).24 The I'TSs (58 and 59) represent these
reactions. The corresponding reaction graphs (RGs)
contain cross-bonds. The final problem discussed in
this article is counting this type of reaction graph.

We select a basic reaction graph (60) as a parent,
which has 4 usual edges and 2 phantom edges (cross-

Table 11. Fused BRG as Parent Graphs and Their Cycle Indices®
Fused BRG Symmetry Cycle index? Eq.
m g}@ D, G: (1/4)(tartp1®+2t 01 tpo®+tarty) 2tpo?) 50
46 47
{}E\:} {Z}@ D,  G:(1/4)(tarte "+ 2tatos5Ftarts 2tsa?) 51
48 49
m m D, G: (l/4)(la|tbls+3ta1tbg4) 52
50 51
C, G: (1/2)(tai2tp*+tartsg?) 53
52
e \\
< L Dy,  P: (1/4)(tar®te1*+2tstso®+Har2tss?) 54
Nis3
@ C, G: (1/2)(la12tb18+ta|2tbz4) 55
54
~710
/7 \
( ) D, P: (1/4)(tar®t51342tant v +Hta1%t62%) 56
(S
55

a) The cycle indices are obtained by applying Eq. 5 to the respective BRGs. b) A variable ¢,, is
respect to the fused edges, whereas t;, is assigned to the pericyclic edges.
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X
B il
AHhv
58 N el 59

PS

57
Scheme 5.

linkages of broken lines) as the positions of substitu-
tion (Table 12). The consideration of phantom edges
is a new matter, compared with the previous enumera-
tion.1”® When the six edges are marked as above, the 4
permutations of D, group (degree 6) are easily
obtained (Table 12). The edges are divided into three
orbits, i.e., a, ¢; b, d; and e, f. The edges of the first and
2nd orbits are unable to have a triple par-bond (=) as a
substituent. On the other hand, the phantom edges of
the 3rd orbit can be attached by either single, double or

Table 12. Permutation Group Based on a

Shinsaku Fujita

Parent BRG (60)?
a
N\
N
N e v
Parent BRG: d = /‘/\ =b
s AN
Y
<
c
60 (DZ)

Symmetry Permutation Variable
operation assigned?
I (a)(c) (b)(d) (e)(f) tar*tp1?
Caq) (a)(c) (b d) (e f) tar?tagter
Cop) (ac)(b)d) (ef) tar%tazts2

Ca) (ac)(bd)(e)f) tag?tn?

a) A broken line indicates a phontom edge which can
be substituted by a single, double, or triple par-bond.
b) The pericyclic edges have a variable t,,. A variable ¢,
is respect to the phontom edges.
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triple par-bond. Hence, we introduce a variable t,, to
the former and another variable ¢, to the latter orbits.
We thereby obtain a cycle index (Eq. 57), as shown in
Table 13.

In order to obtain an RG-counting polynomial ser-
ies G(x, y, z), the variables of Eq. 57 are substituted by
the following two kinds of bond-figure inventories:

tr=1+x"+y (61)
and
ty=1+x"+y +2, (62)

wherein t,, is used for a substitution by a single or
double par-bond and ¢, for a substitution by a single,
double, or triple par-bond. The expansion of the
polynomial affords the following generating function
for the counting of RGs:

G(x, y, 2)
= (1+3x + 3y + 6x2+9xy + 692+ 8x3 + 18x%y + 18xy% +
8y3 + 6x* + 18x%y +27x%y% + 18xy3 + 6y + .- )+
zZ(1+3x+3y+6x2+10xy +6y2+--)+
221+ 2x + 2y + 3x2 + 4xy + 3y2 +--). (63)

The coefficient of xhyhzi of Eq. 63 is the number of
RGs having [, single, [, double, and /5 triple par-bonds
on the edges.

Table 14 collects RGs of [,=3, [,=13=0 as an exam-
ple. The number of the isomeric RGs is 6, which
number is the coefficient of the term x3y%y° of the Eq.
63. Table 14 also shows isomeric RGs of [;=4, [,=13=0,
the number of which is found as the coefficient of
x4y020 of Eq. 63. The two RGs connected with a brace
construct a reaction pair and the isolated ones are self
reaction pairs, respectively. The number of reaction
pairs can be obtained by using the cycle index (Eq. 58)
and the bond-figure inventories (Egs. 61 and 62).

The BRG (9) has 9 additional phantom edges in
light of the approach taken in this section. Hence we
obtain the cycle index (Eq. 59) shown in Table 13.
The degree and order of the permutation group
obtained are 15 and 6, respectively. The cycle index
(Eq. 60) for counting the corresponding reaction pairs

Table 13. Parent BRGs with Phantom Edges and Their Cycle Indices®

BRG Symmetry Cycle index?® Eq.
\/ D, G: (1/4)(tar®tp12+2t 0 2t atvottao%t11%) 57
A D, P: (1/8)(tar*tor2+2taPtastsat 3tar?tor?H2lasla2) 58

60

2 D; G: (1/6)(ta1®t61%+3ta12t a2 ty1 b2+ 21037 tp3%) 59
S ] Ds P: (1/12)(ta15861943 ta12tao?to1tag 2t 032t 3%+ Bta23tp13tp23Hta23t 5135232t a6t b3t b6) 60
61

a) The cycle indices are obtained by applying Eq. 5 to the respective BRGs having phantom
edges. b) A variable ¢, is assigned to the pericyclic edges. The phantom edges have a variable
tyr assigned. c) G; a cycle index for counting RGs. P: a cycle index counting RG pairs.
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Table 14. Isomeric RGs with Cross-Bonds?

Enumeration of Reaction Types

=
XX %

2 K

~——

e

53 WEZ’H

2 B4l K3

S~—~"

a) Out- and in-bonds are presumed to take pericyclic
positions and thus the cross-bonds always consist of
par-bonds. This table contains only two types of iso-
mers, i.e. [;=3, [,=13=0, and |,=4, ,=15=0.

is also found in Table 13. When we introduced bond-
figure inventories (Egs. 61 and 62) to these cycle indi-
ces, we obtain generating functions for counting RGs
and RG pairs, respectively, of hexagonal class.

Conclusion

We have formulated an enumeration of reaction
types as a counting of reaction graphs (RG) and of
reaction-center graphs (RCG). The problem has been
solved by applying Pdlya’s theorem in which different
variables are introduced to different intransitive orbits
of the graph in order to afford a cycle index. Various
atom-figure inventories and bond-figure inventories
are described for counting the isomers of RG and of
RCG. Since the number of isomeric RCGs (or RGs) is
obtained by such a mathematical equation as a gener-
ating function, the present approach affords a versatile
probe for testifying the manual enumeration of reac-
tion types.

Appendix 1

This appendix is dovoted to a derivation of a generating
function which enumerates the number of equivalence
classes of configurations under the conditions of the present
article.

1. Let D be a domain which consists of p+q elements
called positions. Let H (order |H|) be a permutation group
which acts on a domain D. Suppose that D is partitioned by
H into two orbits:

D, ={dy), dys, -+ dip} and Dy ={dy, dyy, -~ daq}.
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Let X be a codomain which contains m elements called
figures:

X={X;, X5, - Xm}.

Let fo and fg be two functions from the domain D to the
codomain X, i.e., fo: DX and fg: D—X, wherein the func-
tions are called configurations.

Definition 1. (binary relation). A relationship between
fo and fg is defined as a binary relation (fa~fg), if the fol-
lowing equation is fulfilled for #H (€H):

fd)=fs(H(d)) for VdED.

Theorem 1. (The proof is abbreviated). The binary
relation defined above is an equivalence relation. Therefore,
the set of the functions are partitioned into equivalence
classes by this relation.

2. We use the terms and notations defined in Definition
1. This section deals with the weight of a function
(configuration).

Defenition 2. (the weight of a function). Suppose that
two types of weights, w;(X;) and wy(X,) are assigned to each
element (X,) of the codomain X. We then define the weight
W(f) for each function (f: D—X) as follows:

W) = Il wi(f (@) I] wa(f(d)).
deD, deD,

Theorem 2. Let f,: D—X and fg: D—>X be equivalent.
Then,

W(fa) = W(fp)-

Proof. Since fo~fg, an appropriate H (€ H) is present
which satisfies the follwing relationship:

fo(d)=fa(H(d)) for Yd € D.
Then,

Wfa) = dl'g wl(fa(d))dHD wy(fa(d))
= II wi(fs(H (d)))dl'[D wy(fp(H (d)))- (a)

deD,

Because of Definition 2,

Wfs) = I1 wi(f(d)) TT w2(fs(d)). (b)
deD, deD,

A comparison of the right-hand side of (a) with that of (b)
shows their equality, since a set of H(d)’s is the same as that
of d’s, except for the sequence. Hence, W(f.)=W(fg).

It should be noted that the converse of Theorem 2 is not
always true: two functions (configurations) having the same
weight do not always belong to the same equivalence class.
Therefore, our goal is to obtain the number of equivalence
classes having the same weight in the form of a generating
function based on W({).

3. LetF,isa setof functions (f: D—X), all of which have
the same weight W,(f). Let H be a permutation of H on D.
This section shows that there is a permutation group on F,
onto which H is homomorphic.

Theorem 3. A function H®: F,—F, is defined in accord
with H as follows:

H® (f(d)y=f(H(d)) for Vd€D and Y f€ Fy.

Then,
(1) The function H® is a permutation on the set of F,.
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(2) The mapping of H onto H* defined above is homo-
morphic, wherein H® is the set of all H®),

Proof. (1) Suppose that both f, and fg of F, (fo#fs)
are mapped by H% to the same function, i.e.,

H® (fo(d))=HW (fg(d)) for ¥d € D.
Because of the above definition,
H® (fo(d)) = fu(H(d)) and H® (fg(d)) = fg(H(d)).

Hence, f, (H(d))=fg(H(d)). This equation indicates that
fa=fp. This is contrary to the presumption. Thererore, Vf,
(€F,) is transformed by H® into a function different from
itself. This fact shows that H® is a permutation on the set
of F,.

(2) Let Hs® and H/ be the permutations on F,. They
correspond to Hs and H; (€ H), respectively. Then the fol-
lowing equations are obtained in the light of the definition:

Hs® (f(d))= f(He(d)) (a)
and
HW (f(d))=f(H(d)). (b)
Since H is a permutation group,
H.,=H.H,. (C)

Let H™ correspond to H.s (€H). Then,
c
Hes® (f(d)) = f(Heo(d)) = f(H:Hs(d)) = f(HHs(d))

b
= HW ((Hold)) =HP Hs# (1(d).

That is, H.s"=H,* Hs#, which indicates that the mapping
of H onto H® is homomorphic.

This theorem shows that H¥W={H®} is a permutation
group on F, onto which the original permutation group H
on D is homomorphic.

4. According to Definition 1, the domain D is partitioned
by H into two orbits D, and D,. Suppose that H (€H) has
the following cycle structure:

[y, @5, - 1p] for a permutation of D, part, and

[71, J2» =+ Jq] for a permutation of D, part, wherein
i +2i+-+pip,=p and
nt2p+taia=q.

The function f: D—X, which has a weight defined in Defini-
tion 2, affords a configuration in which the orbit D, has p;
Xy, po Xy, -+, and pXm on its positions and the orbit D, has
q1 X1, g2 X5, -+, and gm X, On its positions, wherein

pr+pet++pm=pand
qtgt-t+gn=gq.

Then, the weight of the function W(f) is obtained by Defini-
tion 2:

W(f) = [wy(X)Pwi(Xp)P2 - wi(Xm)P™]
[wa(X1)Twa(X2)% - wa(Xom)Tm].

Let Ap,, . pm, q1, -qm b€ the total number of such functions
(configurations) which are invariant on a permutation (H)
of H and has W(f) as the weight. Let By, ..p,,, q,, --qm b€ the
total number of different classes of configurations which
have the same weight W(f). To begin with, let us examine
the total number of functions.

Theorem 4. A generating function for counting

Shinsaku Fujira
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Ap,, pm, a1, --am 15 TEPresented by:

2 Apy, pm, qr, am (WD) w (X n)P] - [wa(X 1) wy( Xom) ]
= (Slilsziz...spip) (tlfltziz..‘tqiq)’

wherein s,=w(X;) +w(Xp) + -+ + w(Xm)' and
t,= wz(Xl)' + w2(X2)' + e+ wz(Xm)’.

The summation is taken over all the partitions of p
(prtpet--+pm=p) and of q (g1 +g2ttgm=q).

Proof. Letm is a cycle of length 7, which is involved in
H (€H) and is concerned with the permutation of D,. Letm,
be a cycle of length r, which is contained in H (€H) and is
concerned with D,. When a function (configuration) is
invariant on the permutation H, it is also invariant on the
operations by #; and m,. Then, the r; positions of D; con-
cerning with 7; should have r, of the same figures, i.e., 11X,
or 1 Xy or 1, X, Similarly, the r, positions of D; should
have 7,X; or 7,X,- or 7,X,. Hence, the corresponding
generating function are represented by:

m
Sy = kg] wl(X,,)'l and

m
t, = D0 we(Xy)”
k=1

The same kinds of generating functions are obtained for all
of the cycles involved in the permutation H. Therefore, a
generating function for counting Ap,pm, a.-am is obtained as
follows:

S Ay, [ 1 (X [ (X (X))

= (Slil Sziz...spiv) (tljl tzjz t({q)
14 m . p m .
= 1 G ) 1T (3w,

which is in accord with the cycle structure of H. When this
polynomial is expanded, we obtained a generating func-
tion.

We call such summations as s, and ¢, figure inventories.

5. Let us work out H (€ H) which has been defined in
Section 4. We introduced a formal variable s, which corre-
sponds to a cycle of length r of D, part. Similarly, a variable
t, is concerned with a cycle of lengh r of D, part. We then
obtain the following product for H:

(817159%++5p'P) (trtyfe -t g19).

Since the same kind of products can be obtained for all the
permutation of H, these products are summed over H.

Definition 3. (cycle index). The following equation is
defined as a cycle index for H:

ZH) = IT{IT HZE}H (Sfr847-oesg7) (1 t2eee 149).

6. We used the terms and notations described in Section
4. The purpose of this section is to derive a generating
function of Bp,.-pm, qi.-qm.

Theorem 5. A generating function of counting
Bpy.-pm. a1-am which concerns with the total number of equi-
valence classes is represented by:

! Bpl,...pm,ql,..-qm[wl(Xl)pl ceewy (X)) - [wa(Xn) - wy(Xm)™]

= Z(H; én] wi(Xy), é”: wy (X)),
k=1 k=1
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wherein the right-hand side indicates that the two terms
denoted by the summations should be introduced to s, and ¢,
of Z(H) (Definition 3), respectively. The summation of the
left-hand side is taken over all the partitions of p
(pr+pott+pm=p) and of q (q1tgst--+qgm=4q).

Proof. Let F, be a set of functions which have the same
weight

Wa=(wy(Xy)P -

Let 8, be the number of equivalent classes contained in F.
Then, a generating function for counting equivalence cases
is obviously as follows:

DI/
u

wy(Xm)Pm] - [we(X )T wo(Xm)Tm]. (a)

Since H, is homomorphic to H (Theroem 3), the number 6,
is obtained by Burnside’s lemma:%)

¢, H(/‘)
|H| Hgﬂ ( )-

wherein ¢ (H®) is the number of invariant functions (con-
figurations) of F, on the operation of H®. Since this lemma
is true for all g,

5 =

o = 2,5, 0 H) W
IHI 2 Elﬁ(H("))W# ) (b)

Because of the definition of ¥ (H®) and W,, the term
S e H)W,

indicates the total number of functions invariant on the
permutation H which corresponds to each H®. The term is
thus equal to the equation proved in Theorem 4. Therefore,

;«p(H(”’) W

:ZAp ce B Gy [wl(Xl)p““wl(Xm)g']'[wZ(Xl)ql"'WZ(Xm)q'"]
“Sh) (Hr theeeth), (c)

wherein the summation of the second equation is taken over
all the partitions of p (p;+pyt+--+pm=p) and of g (g:+
gy+-+gm=q); and the variables s, and t, of the 3rd equation
are represented by:

(s hsfze

m
S = El wy (Xx)
and
m
b= 2 wy (XK)-
k=1

Since Eq. (c) can be established for each H corresponding to
H®, the following equation is obtained by the substitution
of Eq. (b) by Eq. (¢):
;auVVu = %l g 5{1321'2...3;;,) (g{x gé'z ~--t¢{4)
m

H;3 wi(Xy) ki::l wy(X,) ),

wherein the latter relationship comes from Definition 3.
Since

Enumeration of Reaction Types

4203

ZuWe =
7

ZBP,wﬂ..»qlwq.. [wi(Xp -+ wi (X)) - [wo(Xa) - wp (Xp)™]
we obtain the relationship to be proved.

7. The weights wj(Xx) (k=1, 2, -, m) for D; are deter-
mined in accord with the restrictive conditions, which are
concerned with bond multiplicity (or complex bond
number) or the valency of atoms in the present chemical
application. The following examples show the effectiveness
of Theorem 5.

Example 1. (the derivation of Eq. 4 of the text). The
present domain D consists of edges and nodes which con-
struct two different orbits on the operation of H. Then, Eq.
1 of the text is easily obtained in the light of Definition 3.
The codomain X contains atom-figures (A, B, C, ---) and
bond-figures (¢, —, =), i,e.,

xz{A, B, C’ s ¢7 ) =}7

wherein the symbol (¢) indicates no substitution of bonds on
the edges, and the symbols, — and =, denote single and dou-
ble par-bonds, respectively. Then the weights of them are
given as follows:

wi(A)=1, wi(B)=uy, wi(C)=uy,
wy(@) =0, wy(—) =0, wy(=)=0and
wy(A)=0, wy(B)=0, wy(C)=0, -;

wa(P) =1, wo(—) =x1, wa(=) =X,
Hence, Egs. 2 and 3 of the text are obtained easily:

m
ss = 3 wiXp)=1+uj+up+-- (2)
k=1
and
3
= kg) wo(Xp) =1+ x]+x5. (3)

Equation 4 is then derived by means of Theorem 5.

Example 2. (the derivation of Eq. 8 of the text). Equa-
tion 5 of the text is obtained easily by Definition 3. The
codomain X contains bond-figures:

X={¢,— =}
The weights of them are given as follows:

wi(p)=1, wi(—)=x;, w1(=)=0and
wy(P) =1, wy(—) = x1, wa(=) = x,.

Hence, two type of bond-figure inventories are easily
obtained:

s, = 23} 1 Xe)=14+x] (6)
and

ty = kz:: wo(Xi) =1+ x] +x5. (7

In the text, s, and ¢, are denoted as ¢,, and ¢, respectively.
Theorem 5 gives Eq. 8 in this case.

8. Theorem 5 can be easily extended to the case in which
the domain D has three or more orbits. All the proofs des-
cribed above hold the generality in the extended case. Such
extended items are given below:

Domain: D=(D;) for j=1, 2, - n
Orbits of the domain:
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Dj={d,‘[¢} for k=1, 2, "'lD,'I, j=l, 2, n.
Codomain: X={X;} for k=1, 2, ---m.
Function (Configuration): f: D—X.
Weight of a function (conriguration):

W) = 11 (I wi(f(@)).
j=1 deD

Cycle structure of H:

[ijk] (k= 1 to |D,|) for Di (]= 1 to n),

wherein
1Dl .
El ki, = |Djl (=1, 2,---n).
Cycle index of H:

n |Djl .
28 = g B, L (I ).

Counting polynomial:

31 By (IT (TT wi(X0)))
(bin) j=1 k=1

= Z(H, 3} w;(X,) (for all ).
k=1

The summation concerned with (pj;) is taken over all parti-
tions of | D;| represented by:

m
kgl pjk = |D]| fOI‘ ] = 17 2’ A |DJ| .

Appendix 2

This appendix collects several reactions reported in the
literature in order to exemplify the RC graphs of Tables 8
and 10. The examples have been taken from D. L. Boger,
Tetrahedron, 39, 2869 (1983); S. B. Needleman and M. C. C.
Kuo, Chem. Rev., 62, 405 (1962); and some original articles.
This list contains imaginary transition structures and RC
graphs along with conventional reaction diagrams.

The RC graphs which do not appear in this list, but in
Table 10, provide us with useful suggestions that would help
in the development of new reactions. For example, the

(1-1)  Cycloaddition of a vinylnitroso compound
with an enamine. (T. L. Gilchrist, D. A.
Lingham, and T. G. Roberts, J. Chem. Soc.,
Chem. Commun., 1979, 1089).

EtOCO\‘/ ‘ l@fﬁm Etoc?m P
o N ™ A N %
%

(OJ Qj TS [Oj

RCG

4

(1-2)  Cycloadition of a diene with a nitroso com-
pound. (G. Kreeze and J. Firl, Tetrahedron
Lett., 1965, 1163).

COOMe COOMe COOMe

L~ @b >

Cl Ct Cl

[Vol. 61, No. 12

(1-3)  Cycloaddition of a reactive o-quinone methide
ketene with phenyl isocyanate. (H. Herlinger,
Angew. Chem., 76, 437 (1964)).

(1-4)  Cycloaddition of a hydrazone with diphenyl-
ketene. (R. Gommper, Angew. Chem., Int. Ed.
Engl., 8, 312 (1969)).

""f’ r Oy

NS

Ph™ SN Ph);; Ph\N Ph \NB
RCG

Me)N MezN

(1-5) The reaction of a 1,2,4,5-tetrazine with cyclo-
hexene. (M. G. Barlow, R. N. Haszeldine, and J.
A. Pickett, J. Chem. Soc., Perkin Trans. 1,1978,
378).

CF: {
NASR Nﬂ F3
l\ W @ - CF3
NN CFy P
0 N::ﬂ
CF3
_> ¢ 1S
CF3
(1-6)  Cycloaddition of 1-phenylazocyclohexene with

adienophile. (L. Caglioli, G. Rosini, P. Tundo,
and A. Vigevari, Tetrahedron Lett., 1970, 2349).

BZ

NC_ _CN ‘é’; CN I/
LB D
Nay N N eN M YN <
1 ]
Ph
Ph Phits

(1-7)  Cycloaddition of N-ethoxycarbonyl-1,2-
dihydropyridine with 4-phenyl-4H-1,2,4,-
triazole-3,5-dione. (E. E. Knaus, F. M. Pasutto,
C. S. Giam, and E. A. Swinyard, J. Heterocycl.
Chem., 13, 481 (1976)).

Rh Pn

N~ H N N‘L P
. . N-COOE j\nﬁ N
COOEt 0 ﬁl\e OOEt il
Ph XN
H
oH

(1-8) The reaction of an imidoyl isothiocyanate
with an enamine. (H. M. Blatter and H.
Lukaszewski, J. Org. Chem., 31, 722 (1966)).

YR Sl ¥l &

ITS RCG
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(1-9) Cycloaddition of 2-isopropenyl-2-oxazoline
with phenylisocyanate. (A. E. Seelinger, W.
Diepers, R. Feinauer, R. Nehring, W. Thier,
and H. Hellmann, Angew. Chem., Int. Ed.
Engl., 5, 875 (1966)).
/N

-
XX

1TS

om 5
g;" o

/ .
N

(1-10)

.

Cycloaddition of dehydroindigo with an
olefin. (R. Pummerer and E. Stieglitz, Ber.,
75, 1072 (1942)).

The alicyclic Claisen rearrangement. (R. L.
Funk and J. D. Munger, Jr., J. Org. Chem., 50,
707 (1985); A. G. Cameron and D. W. Knight
Tetrahedron Lett., 26, 3503 (1985)).

Me
0_§rMe 0 —éi/Me

o .

Xz

17s RCG

(2-2)  The retro-Claisen rearrangement. (R. K. Boeckman,
C.]J. Flann, and K. M. Poss, J. Am. Chem. Soc.,

107, 4359 (1985)).

MeOCO~E-CHeo 'E' Meocc@o @
—_—
coom.- %z

(2-3) The Claisen rearrangement of a ketene N-allyl-
N,O-acetal. (H. Hope and M. D. Yanuck, J. Am.

Chem. Soc., 107, 443 (1985)).

ye RS
S S @;‘{m X Cz

(2-4) The rearrangement of a cyclopropane deriva-
tive. (E. Vogel and R. Erb, Angew. Chem., 74, 76

(1962)).

CT—O— O
< =N"0 N0
H
17s

Claisen rearrangement (2-1) and the retro one (2-2) have
already been investigated. Although the N-analog of the
Claisen rearrangement is a known reaction (2-3), a retro-
rearrangement has never been reported, to the best of our
knowledge.
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